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ABSTRACT 
Some of the counting arguments used by Kalbfleisch in a paper published in the 
January, 1967, issue of this journal are generalized. An inequality satisfied by the 
symmetric Ramsey mmabers, M(k, k) is deduced, and new upper bounds given for 
some Ramsey numbers. 
1. INTRODUCTION 
A dichromatic graph is a complete graph with n vertices (an n-cIique) 
with each edge colored in one of two ways, for instance, either red or 
blue. A (k, l) coloring is one in which no k-clique is completely red, and 
no Lclique completely blue. The Ramsey number, M(k, l) is the smallest 
integer with the property that, if n ~ M(k, l), no k, I coloring exists. 
Obviously M(k, 1) ~-M(l,k) and M(k, 2)-~ k. Greenwood and 
Gleason [1] have shown that 
M(k, 0 <~ M(k -  I, 0 + M(k, 1 -  1), 
with strict inequality holding if both the terms on the right-hand side are 
even, and tbatM(3, 3) = 6, M(4, 3) = 9, M(5, 3) = 14andM(4, 4) = 18. 
More recently it has been proved by Kalbfleisch [2] that M(6, 3) = 18, 
and by Graver and Yackel [6] that M(7, 3 )= 23. Kalbfleisch [4] by 
considering extremal colorings, that is, colorings with the maximum 
possible number of edges of one color, has obtained improved upper 
bounds for M(k, 3) with 8 ~ k ~ 14, and for M(k, l) with k, l ~ 6. 
In this paper, by generalizing the arguments of Kalbfleisch concerning 
extremal colorings, a method of finding an upper bound for the number 
of edges of one color in any coloring is developed, from which the 
inequality M(k, k )~ 4M(k, k -  2)+ 2 is derived, and better upper 
bounds found for some Ramsey numbers. 
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2. AN UPPER BOUND FOR THE NUMBER OF EDGES OF EACH COLOR IN A 
(k, l) COLORING OF THE n-CLIQUE 
For n < M(k,  l) we define R(n, k, l) to be the maximum number oi 
red edges which can be present in a k, l coloring of the n-clique, and for 
n >~ M(k ,  l) we define R(n, k, l) to be zero. Similarly, B(n, k, l) is defined 
as the maximum number of blue edges. 
A result, first derived by Goodman [5], is that the number, A, of 
monochromatic triangles formed by a red-blue coloring of the n-clique in 
which the i-th vertex has ri red and (n -- ri -- 1) blue edges is given by 
1 
n(n - -  1) (n - -2 ) - -  1 ~ r i (n - - r i - -  1). A = g 2i=1 
This is because ach pair of differently colored edges meeting at a vertex 
forms an angle of exactly one non-monochromatic riangle, and each 
non-monochromatic triangle has two such angles. Hence there are 
1 
ri(n ri 1) 
2 i=1 
non-monochromatic triangles. 
For n < M(k  -- 1, l) -k M(k ,  1 --  1), suppose that a k, l coloring of the 
n-clique exists in which Pi vertices have j red and (n -- j -- 1) blue edges. 
From [1], p~. : 0 unless n -- M(k ,  l --  1) ~< j < M(k  -- I, l). 
A vertex with j red edges is red-joined to a j-clique, whose coloring 
must be k -  1, l, and therefore has at most R(j, k -  1, l) red edges. 
Hence the vertex is in at most R( j ,  k --  1, l) red triangles. Similarly it is 
in at most B(n - - j -  I, k, l -  1) blue triangles. Therefore we have the 
inequality 
1 M(/c--1, I)--1 
A ~-~ , i tk~ 1) [R( j ' k - -  1,1) q -B(n - - j - -  1, k, 1 - -  1)]p~ 
or 
M(k--l,~)--I 
~, [2R(j, k --  1, l) q- 2B(n --  j -- 1, k, l - -  1) --}- 3j(n --  j - -  1)1 pj 
j=n-M(k , l -1 )  
>/n(n -- 1)(n -- 2). 
Also, 
(1) 
M(k--1, l)--1 
y. 
j=fr--M(k, ~--1) 
p j  =- n (2) 
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and 
pj- ~ O, j = n -- M(k, l -- 1) ..... M(k -- 1, I) -- 1. (3) 
If  (1), (2), and (3) cannot all be satisfied, then n ~ M(k, l). If they can be 
satisfied and such a coloring exists, then the number of  red edges is 
1 M(k--l,l)--I 
Z JP:' 
j=n--M(k,l--1) 
and this function can be formally maximized and minimized, subject to 
the constraints (1), (2), and (3), using linear programming. In this case 
and 
-1 M(k--1,0--1 
R(n, k, l) ~ max [~ j=n-M~k.~-l) jp~] 
1 [-1 M(k--l,l)--I 1 
B(n, k, l) <~ ~ n(n - -1 )  --  min [~ J=n--~,~--l)M-Tk jp@ 
I f  M(k , l - -  1), M(k -- l , / ) ,  R( j ,k  -- l , / ) ,  and B(n -- j - -  1, k, l - -  l) 
are unknown, upper bounds for them may be used; the conclusions are 
still true, and an upper bound may be obtained for R(n, k, l) and 
B(n, k, l) for each n, k, and l. 
These upper bounds can often be reduced by other arguments, and 
many given in [4] are lower than those found by this method. However, 
details of  the coloring in the extremal case are given, which may be 
sufficient o prove it impossible, or to construct it. 
3. NEW UPPER BOUNDS FOR SOME RAMSEY NUMBERS 
We may now prove the following three theorems. 
THEOREM 1. M(k, k) <~ 4M(k, k -  2) q- 2. 
PROOF: Since in any (k, l) coloring each vertex can have at most 
M(k-  1, l) -- 1 red edges, 
R(n, k, l) ~ 89 -- 1, l) - -  1) 
and similarly 
B(n, k, l) <~ 89 l -- 1) --  1). 
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Then, if n >~ 4M(k, k -- 2) -t- 2, for all j , 
2R( j ,k - -  1, k ) - t -2B(n - - j - -  1, k ,k - -  1) q -3 j (n - - j - -  1) 
I \ / / - -  1 2 
~< (n - 1 ) (M(k ,  k - -  - -  1) + 3 t - -Y - - )  
~< (n -- 1)(n -- -~ < (n -- 1)(n -- 2). 
Therefore, (1) cannot be satisfied, and n >~ M(k, k). 
THEOREM 2. M(5, 5) ~ 57. 
PROOF: For n = 57, k = l = 5, then since M(5, 3) = 14, from (1) 
each vertex must have 28 edges of each color and each edge must be in 
exactly 13 monochromatic triangles. Since M(2, 5) = 5 and M(3, 4) = 9, 
in a (3, 5) coloring of the 13-clique each vertex has exactly 4 red edges. 
Thus each vertex is a member of ~ • 28 • 13 • 4 red 4-cliques, and 
since this is not an integer we have a contradiction. 
THEOREM 3. M(5, 4) ~ 29. 
LEMMA. R(15, 4, 4) < 60. 
PROOF: I f  a (4, 4) coloring of the 15-clique exists with 60 red edges, 
then since M(3, 4) = 9, each vertex must have exactly 8 red edges. For 
any vertex, x, let R~ be the 8-clique red connected to x, and B~ the 6-clique 
blue connected to x. 
Let R~ contain r red edges, and B~ contain s. Since R~ is (3, 4) colored 
it can be shown that 10 ~< r ~< 12, and, since B~ is (4, 3) colored, 
6 ~< s ~ 12. The number of red edges joining a vertex of R~ to one of B~ 
is given by both 56 -- 2r and 48 -- 2s, and so r = s + 4, and s ~< 8. 
In a (4, 3) coloring of the 6-clique, it is easily seen that each vertex 
must have at least two red edges. In B~ all vertices with just two red 
edges must be joined by blue edges. For each is red connected to 6 vertices 
of R~, and if any two are joined by a red edge, since M(2, 4) = 4, at 
most 3 vertices can be red connected to both of them. Then at least 
9 vertices of R~ are red connected to at least one of them, which is 
ridiculous. Therefore, since B~ can contain no blue triangles, it can have 
at most two vertices with just two red edges, and, since s ~ 8, two 
vertices have two, and four have three, red edges. It is easily shown 
that B~ must be colored as in Figure 1. Consider the vertices A, B, and C 
in the figure. A is red connected to 6, and B and C to 5 each, vertices 
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of R~. Any pair of  them can be  both red connected to at most three 
vertices, of which the third is one. Therefore, at least 10 vertices of R~ 
are red connected to at least one of them, which is a contradiction. 
This lemma, together with B( l l ,  5, 3) = 22, B(12, 5, 3) -=-- 24, 
B(13, 5, 3) = 26, R(17, 4, 4) = 68 and R(16, 4, 4) ~ 64 (this last result 
can be improved) implies, using (1), that M(5, 4) ~< 29. 
A 
FIGURE 1. Lines represent red edges; blue edges not shown. 
Other results which may be proved by this method are that 214(6, 4) ~< 45, 
which immediately implies that 34(6, 6) ~< 182, and that M(6, 5) ~< 96. It 
can also be shown that any (10, 3) coloring of the 44 clique must be 
regular, in that each vertex must have exactly 34 red edges and be in 
444 red triangles. 
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